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It is shown that the ten generators of the Poincare group acting in the 



D . Fock space of nucleons and mesons and based on standard Lagrangians 



can be blockdiagonaUzed by one and the same unitary transformation 
such that the space of a fixed number of nucleons is separated from the 
rest of the Fock space. The existence proof is carried through in a formal 
power series expansion in the coupling constant to all orders. In this 
manner one arrives at effective generators of the Poincare group which 



> 

Tj- , act in the two subspaces separately. 

o 

(N 



I. INTRODUCTION 



Low energy nuclear physics below the pion threshold is naturally formulated in 
terms of a fixed number of nucleonic degrees of freedom. In the overwhelming number 
O I of applications a nonrelativistic framework is used. This however is not sufficient if 

one investigates for instance electron scattering with high three-momentum transfers 
as one encounters in typical experiments performed nowadays. Also it is still an open 
question whether relativistic effects play a significant role when calculating the binding 
energy of nuclei. In three-nucleon scattering it has been found recently that the 
I total nd cross section evaluated with most modern A^A^ forces and based on rigorous 

solutions of the 3A^ Faddeev equations deviate from the data above ~ 100 MeV nucleon 
laboratory energy. That discrepancy reaches about 10% at 300 MeV and is very likely 
caused by the neglect of relativity. On all these grounds a relativistic generalization of 
the usual Schrodinger equation for N interacting nucleons is highly desirable. 

In Dirac proposed three forms of relativistic quantum mechanics for a given 
number of interacting particles. A realization thereof in the instant form was given by 
Bakamjian and Thomas That scheme however violates cluster separability @]. Being 
less ambitious and searching just for relativistic correction terms to the generators of 
the Galilean group in leading orders Foldy and Krajcik have discussed |^ a ^ expansion 
of the ten generators of the Poincare group. This scheme has been applied recently in a 
realistic context in the 3 A system [^]. A way to treat the defect in the Bakamjian and 
Thomas scheme with respect to the cluster separability has been found by Sokolov |^ 
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and also worked out by Coester and Polyzou |^ . An extensive overview over the whole 
subject is given in 

There is however also another approach to the generators of the Poincare group for a 
fixed number of particles. Relativistic field theory provides generators which act in the 
full Fock space. Thinking of applications for nuclear physics one considers interacting 
fields of nucleons and mesons. To arrive at generators which act in the space of a fixed 
number of nucleons one has to eliminate the mesonic degrees of freedom as well 
as the ones for antiparticles. A way to do this has been proposed in and worked 
out in lowest order in the coupling constant for a field theory of "scalar nucleons" 
interacting with a scalar meson field. While this has been formulated in the instant 
form a corresponding derivation can also be performed in the light front form |TT |. 
Numerical investigations based on those effective generators determined in leading 
order in the coupling constant have been carried through in [|l^ and [0 . 



In this article we want to show that the derivation proposed in can be carried 
through to arbitrary order in the coupling constant. Thus the effective generators of 
the Poincare group in an A^ nucleon subspace do exist at least in the sense of a for- 
mal series expansion. It will be interesting to investigate whether those generators are 
automatically also cluster separable. This is left to a future study. 

In section II we formulate our way to derive the effective generators in the A^ nucleon 
subspace out of a field theoretical model of interacting nucleon and meson fields. The 
existence proof is carried through in section III. We summarize briefly in section IV. 



II. CONDITIONS FOR THE EFFECTIVE GENERATORS 

We consider a field theory of interacting nucleons, antinucleons, and mesons given 
by a Lagrangian of the form 

C = C^ + Ci (1) 

where is the free part and the interacting part Cj is linear in the coupling constant 
g. We also assume that £/ is linear in creation and absorption operators for mesons 
as is the case for often used field theories. In a standard manner 



one arrives 



at the ten generators of the Poincare group for constant time slices (instant form). 
The Hamiltonian and the three boost operators carry interactions, whereas the total 
momentum and angular momentum operators are the free ones. The latter two leave 
the plane t =const invariant. Thus one has in obvious notation 

H = Ho + Hi (2) 
AT, = Ko, + Ku (3) 

Pi = P0^ (4) 

Ji = Joi (5) 
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where due to Eq. (|l|) 



Hi ^ g 
Kii ~ g 

These ten operators fulfill the Lie algebra of the Poincare group: 



(6) 



[Pi.H] 


= 




= 




= 






[J^.P3] 


'^^ijkPk 




= ieijkKk 




= -iP^ 




] '^^ijkJk 


[P.K,] 


= -i6,jH 



(7) 
(8) 
(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(15) 

Formally one can verify that using the equal time commutation relations of the un- 
derlying fields. Because £/ is assumed to be linear in the creation and annihilation 
operators for mesons, Hj and Kji will be linear in these operators too. Hence the 
eigenstates of H will necessarily contain an infinite number of mesons in addition to 
the nucleons (and antinucleons) . The behaviour of such an eigenstate under Lorentz 
transformation, however, is transparent. We regard the operator of four momentum 

P^ = {H,P,,P,,Ps) (16) 

and consider a Lorentz transformation T(A, a) defined by 

x^'^x'^ = A^'^x'' + (17) 

Related to T is a unitary operator [/(A, a) acting in the Hilbert space spanned by 
the eigenstates of H. A consequence of the commutation relations ([7p-(0) are the 
transformation properties of P^: 

pf^^p"^ = UP^^U^ = A^i^p'^ (18) 

Because of Eqs. (^ and @ there exist simultaneous eigenstates related to the four 
components of the four-momentum operator, which fulfill 

P'^|*p)=p'^|*p) (19) 

Applying U and using Eq. ([I8|) one gets 

A,^P''U\^p)=jfU\^p) (20) 
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This can be rewritten into 



P'Ul^fp) = A%p^U\^p) (21) 
Thus up to a phase factor we get 

= I^Ap) (22) 
and the "four dimensional Schrodinger equation" (|19D reads in the new frame of refer- 



ence 



P'^l^Ap) = {ApTl^Ap) (23) 

Therefore the simultaneous eigenstates of P'^ in the new frame are eigenstates in the 
old frame with Lorentz transformed eigenvalues of the overall four momentum. 

We pose now the question if one can find a representation of the Poincare algebra 
being restricted to a subspace of the Fock space with a fixed number of particles. We 
want to call those generators of the Poincare group "effective" . If it is possible to find 
an effective representation of the Poincare group one is able to formulate an effective 
Schrodinger equation in the subspace of a given number of particles, say nucleons and 
no mesons, very much alike (plOl) . The interesting point about that is that this equation 
would be easier to solve than Eq. ( [I9| ) since the number of degrees of freedom is finite 
now. In addition, since we assume the Poincare algebra to be fulfilled in that subspace, 
this effective Schrodinger equation inherits the nice transformation properties of Eq. 



A way to find effective generators is to unitarily transform the generators (0)-(|§) 
by an operator U such that all ten generators are put into a blockdiagonal shape at 
the same time. One block would refer to the nucleon subspace, the other block to 
the rest and the two blocks would not be coupled. Under a unitary transformation 
the commutation relations remain valid, of course. Let us denote the projection on the 
subspace of A^ nucleons by r] and the projection on the rest by A = 1 — 77. Then what 
we are looking for is a unitary transformation of the form 

r]Hr] + AHA (24) 

7]Kir] + AKiA (25) 

rjPiT] + APiA (26) 

vJif] + AJiA (27) 

While H and Ki (in the instant form) couple the 77 and A spaces, this is by assumption 
no longer the case for H and and the operators -qHr], 'qKii], rjPirj and rjJirj are 
effective generators of the Poincare group. Now one can look for eigenstates of P^ 
whose A-components are zero. Lorentz transformations on those states are generated 
by the effective operators and we may write down the effective Schrodinger equation 

flP'^nlij) = p''r]\ij) (28) 



H- 


u 






u 






u 






u 
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TOf such a path has been initiated and will be worked out more stringently now. In 
Okubo proposed a way to transform an arbitrary hermitian operator 



^ [aOt] AO a) 
into a block diagonal form by means of a unitary transformation U: 

O — >d = UOU^ = r]dri + AOA (30) 
We follow Okubo for the choice of the unitary operator 



~ [aUt] AWA; ~ (^_(i + ^^t)-^^ {1 + AA^y^A 



(31) 



where A has the form 



A = AAt] (32) 



Unitary transformations within the subspaces rj and A are put to 1. Using the forms 
(^) and (|3ll) the requirement for blockdiagonalization is 

A(^[O,A] + O-AOA^r] = (33) 

Since it is a priori not obvious that it will be possible to blockdiagonalize each generator 
using the same U we label A with the generator to be blockdiagonalized. Noting Eqs. 
(H) and (H) telling that Pi and Ji do not connect the rj and A spaces the conditions for 
the ten operators A„, Aj^, Ap^, and Aj. turn out to be 



A[[Ho,A^]+HjA^+Hi-A„HjA^jr] =0 (34) 

A(^[Koi, A^J + Kj,A^^ + Kn - A^Kj,A^^r]= (35) 

A[P„ApJr7 =0 (36) 

A[Ji,Aj^r] =0 (37) 

Here we made use of the assumption that Cj and hence Hj and Kj^ are linear in the 
meson operators such that rjHirj = = 'qKurj. If one and the same A can be found 
that fulfills the set of conditions (|34D -(p7D the existence of ten effective generators of 
the Poincare group in the separate subspaces r] and A is proven. 



III. PROOF OF THE EXISTENCE OF A 



The conditions (p4D-(p7D are nonlinear in the A^s. One can linearize them by search- 
ing for A in the form of a Taylor expansion in the coupling constant 
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A = E A^'^ (38) 



u=l 



The term of order is absent since for a free theory {g 0) the generators are already 
blockdiagonal and W = 1 is achieved with A = 0. It is easy to rewrite the set under 
the assumption (|38|) by equating equal powers of g. Keeping in mind that we assumed 
rjHir] = = r]Knrj we get the result: 

(39) 
(40) 





= -Hjr] 




= -AHjA„^ 








= -Kjr] 




= -AKrA,^^ 




= -KKiiA^ - 

hi 




= n > 1 




= n > 1 



ri-l 



Y.A,H:A,_ n>2 (41) 



(42) 
(43) 



n-l 

Y^A^Kj.A^^ n>2 (44) 



(45) 
(46) 

Let us introduce short hand notations. An arbitrary Fock state in the A space describing 
a certain number of noninteracting particles with momenta p is simply denoted by |A). 
Its energy, the eigenvalue to Hq, is denoted by E^. The projection operator into the A 
space is 

A^/dpA|A)(A| (47) 



where &p\ stands for all momentum integrations. Similarly we denote an arbitrary state 
in the t] space by I?]), its energy by i?^ and the projection operator into the t] space by 

77= fe, |?7)(r7| (48) 



Then it is very convenient to use the following notation 

l-r|A)(A|5|r7)(r/| = — ^ 



Upjpr,—^\^){mv){ri\ = -TT^^Br^ (49) 

ri,A ' ' 



where B is an arbitrary operator. 

The set (|39|)-(^lD can now be solved recursively. Note that according to Eq. (^) A 
connects the A and the r] spaces. Using now the notation (|49| ) one finds the following 
explicit expressions for Ajf^: 
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= -AHjT) (50) 

K = - F % AHjA^^rj (51) 

1 """^ 1 

A,„^, = ^AHJA^l^ + Y: -AA,^HjA^_^r^ n > 2 (52) 

With the help of the Lie algebra ([^)-([T3|) we will now show by induction that Ah„ 
given by Eqs. (0)-(0) satisfies also Eqs. (^2D-(^) and therefore one and the same A 
blockdiagonalizes all ten generators. 
First we look at Eq. (^). Because of 

[P„A] = [P„7^] = (53) 
one has the following identity for any operator B{H) 

Further, since commutes with Hq and H, it also commutes with Hj = H — Hq. 
Consequently we get 

^A — -C/J7 

^ A[P„Hj]r] = (55) 



Ea — 

By induction this carries over to Ah2 and Ah„ with n > 3 and we can write 

^P, = A^ (56) 

The proof of (^) using yl^^ is very similar. Eqs. (|53|)-(|55|) remain valid replacing Pj by 
Ji and Ji commutes with H and Hq. Consequently we can also put 

A = (57) 



The proof that A^^ solves the set (|42|) -(^^ is the difficult one. We need the following 
relations. From 

[H,K4 = -iPi (58) 

and the linear dependence of H and Ki on g (see Eqs. (0), (0), and (||)) we find easily 
by equating operators related to equal powers in g 

[Ho,Ko,] = -iP. (59) 

[Ho,Kn] = [Koi,Hi] (60) 

[Hj,Ku] = (61) 
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Further one has 

[Ko,,CiHo)] = iPij^CiHo) (62) 

where C depends on Hq only. Because of the free state kinematics it is also easily seen 
that 

[Ko„A] = [Ko,,v]=0 (63) 
Using all that one verifies that 

A[Ko„5]r; (65) 



Ek — Efj 

This enables us now to show that Aj^^ solves Eq. (|4 



-A[Koi,Hi]r] 

-A(Ea - E^Kwn = -AKiiT] (66) 



Ea 




Erf 




1 




Ea 




Erf 




1 




Ea 




Erf 



Next let us verify that from Eq. (|51|) solves Eq. (|^): 

[Koi.Au,] = -[Kor, ^ ^ „ AHiA„^rj\ 

J^A — i^Tf 



1 


Ea 




Erf 




1 




Ea 




Erf 




1 




Ea 




Erf 



A[Koi,HiAH^]ri 
A[Ho,Kii]A^^r] 

AHi[Ko,,A,^]7i (67) 



Using Eq. (pUf) and applying Hq this can be rewritten as 



1 



E\ — E, 



E\ — Eri 



(68) 



Further using Eq. (^Tj) we get 



E\ — E„ 



AKJiE^-Ho)A,^~Hj)rj 



E\ — -E", 



1—AKj,[EaA^^ - [Ho, A^J - A„^Ho - Hj)r] 



^AKu{-[Ho,A,^]-Hi 



Ea — Erf 



T) 



(69) 



The last step follows from Eq. (p9D and proves Ajj = A 



Due to the structure of the set (|4^ ) - (|4^) it turns out that the proof for A„^ and 
A„^ should also be treated separately. Since the algebra is rather lengthy and the steps 
used for the general case A„^, n > 5 include all the ones for the simpler cases n = 3 
and n = 4 we leave the verification for those simpler cases to the reader. 

We embark now in the proof that ^h^+i, n > 4 is a solution of Eq. (|4^) provided 
every A^^, i/ < n is a solution of the set (^)- (l4^) . From (^2|) we get 



E\ — En 



-A 



Using Eq. (pOf) this can be rewritten as 



(70) 



1 



A\-\Ho,Ki^,A,^-Ei\Ko,,A, 



Ea — 

+ J:[Ko,,A„^]HjA,^_ 



n-1 



+ Y: [Ho , Kn] A„_ 



n-1 



Km , Ar, 



(71) 



The first term in Eq. (^T]) is changed as 
1 



E\ — E, 



-A [Ho , Kji] A^T] = -AKiiA^T] - 



E\ — E., 



■AKuiE,-Ho)A^rj (72) 
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Inserting this into Eq. ([7l|) and using the assumption that A^^, v < n solves the set 
(iD-O) we get 

1 



^M-Ku{E,-H,)A,^ 



n-2 



HjA'Kj,A„ -HiJ2 An^KnA„ ^ 
-Kjir]'HjA„^_^ - KuA„^HiAh^_^ 

n—l / v—1 \ 

\Y.\-^nAn ^\Y.^n,KuA, ,)HjA, 

u=3 ^ u'=l ^ 

n-1 

+ E A^^ [Ho , Kj,] A,_ 
'=1 

n— 3 / n—v—2 

Y,A„^HiUKuA„ + J2 A„,KnA„ ^ , 



+ 



u=l 



u'=l 



-A„^_^HjKiiA„^ - A„ _^HjKii 
1 



Ea — Erj 



A(Kj,A'HjA^^_^ - KuA'HjA^]r] 



(73) 



The square brackets are inserted to group the terms together resulting from the com- 
mutators with Kq^. Moreover we added a zero at the end and used the identity 



A„HjAKu = A„HjKn 



(74) 



which is valid because A„ has an //-projector on the right. Eq. (^) can be simplified 
by means of the two identities 



- KnAHi + HjAKu - Kl^Hj = -Ki.Hj + HiAKu = -HirjKn 



(75) 



and 



-| n— 1 

—^a{Ku{Ho - E,)A,^ + KuI^H,A,^_^ - E ^n^HjA„_ 

-KnA^^HiA„^_^)rj = (76) 
The second one is just a consequence of Eq. (|4l|). Using Eqs. (|75D and (^) we find 

[Koi,A„^J = ^AKj,A„^ 

^—A[-Hjr]-KnA„^_^-Hj 



E\ — Er^ 



Ea — E^j 



A -Hjv'KuA„^_, -HjY: A,KuA,^_^_^ 
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n-1 ^-2 



n-1 

n— 3 n— f— 2 

+ J2A„^Hj(-KnA, ^+ J2 A,,KuA, , 

iy=l u'=l 

-A„^_^HjKiiA„^ - A„^_^HjKi^r] 



(77) 



Next we exchange the orders of summation 

n-1 u-2 



n— 3 n—i/'—2 

E ,^ (78) 



and 



n— 3 n—v~2 



Y^A^Ri J2 A,,KuA, , 

v=\ u'=l 

n—3 n—2 

= EEA,^HjA,, KnA„ , (79) 



=2 1^=1 



Using Eq. (^) we can group together some terms from Eq. (^^ taking Eq. (|6TD and 
the set (1391)- (ffTl) into account: 



n— 1 u—2 n—3 

Y: E A„,Kr,A„ ,HjA,_ - Y A,,KuHjA, , 

u=3u'=l u'=l 

-A^^_,KuHiA^^ - A„^_^Kj,Hi 

n—3 n— i^'— 2 n—3 

= Y A,,KuA,^HjA, -Y^H,Kj,HjA, 

u'=l v=\ u'=l 

-A„^_,KuHjA„^ - A„^_KnHi 

n—3 

= + Y^n,Ku[H^,A, ,] 
v'=l 



n-1 

YAn,Kn[H,,A„ ,] (80) 
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Similarly the expression (|79D can be grouped together with two more terms from Eq. 



n— 3 



n~u—2 



11-2 



n-2 



u'=l 



u'=l 



u'-l 



Y(-AHjA,, + Y,A„^HrA„, )Kj,A, , - AHjr]'KuAA, ^ 

u=l 

-KHiA„^KuA^ 

^ TV 

E [^0, A,^,jKuA,^_^_^, + [H^, A„;\KuA,^_^+ [Ho, A„^]KuA„^_^ 



u'=2 

71-1 



J2 [Ho, A„,]KiiA„ , + [Ho, A^^]KuA^ + [Ho, A^^jKuA^ _ 

/=3 
n-1 

^ [Ho,A„,]KuA„ , 

' * jy n — ij 



(81) 



Again we used the set (p9l)-(p]) several times. Inserting all that into Eq. (^) that 
expression simplifies greatly and leads to the desired result: 



[Ko,,A^_^^, = -KKuA^ 



1 11—1 



A„^Ku[Ho , Ah _J + A„^ [Ho , Ku]A„^_^ 

+ [Ho,A,J\Ki,A„ 



rj 



-AKiiA^, 



n-l 



^- —A J2 AH,v'KiiA'AH^_^{EA, -Er, + Erj, - Ea' + Ea- E^>)r] 

(82) 



Ea - En 

11—1 

-AKuA^ + A„^KuA„^_^ 



This is our final result stating that A^^^^ solves Eq. ( pj) for n > 4 provided that A^^, 
z/ = l,2,3,4isa solution of Eqs. (^2])-(|^). This however is the induction assumption 
and has been shown before. 
We conclude that 



Ak. = Ah n> 1 



and hence 



Ak, — Ajj 



^3) 



^4) 



Together with Eqs. (|5^) and (|57D we arrive at the important result that A^ solves the 
set of all Eqs. (P^)-(P7D and all indices on the A's can be omitted. In practice one will 
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use the recursion relations (p0|)-([5^) for calculating A since they are easier to solve than 
the ones resulting from Eqs. (^2|) -(^4|) and further the conditions (^5|) and (^) are not 
specific enough. 



IV. SUMMARY 

The ten generators of the Poincare group acting in the full Fock space of nucleons, 
antinucleons, and mesons and having the form (0)-(|^) according to often used Lagrange 
densities can be blockdiagonalized at the same time by a single unitary transformation. 
Thereby the blocks are defined by two projection operators which span the Fock space 
one refering to a fixed number of nucleons and the other to the rest of the space. As 
a consequence the resulting unitarily transformed generators act in these two spaces 
separately and specifically we gained effective generators in the space of nucleons 
which are true representations of the Poincare algebra. This result has been proven 
using a (formal) power series expansion in the coupling constant. We see the importance 
of that result in the existence proof. Clearly in practice this series has to be truncated 
as is usually done in evaluating A^A^ forces in low orders of meson exchanges. 

Results of numerical studies in |T^ - |T1] are promising. They show for instance that 



the relativistic energy-momentum relation of a two body state is rather well fulfilled 
if one solves the Schrodinger equation using the effective Hamiltonian in frames where 
the total momentum of the two-body system is different from zero. They also show 
that contributions to the relativistic Hamiltonian which remain undetermined in the 
scheme of an ^ expansion of the Poincare generators can now be determined for 
any given field theory and are different from zero. In fact in the numerical examples 
studied [0 they are as important as those enforced by the Poincare algebra. Thus that 



scheme discussed in this article provides interesting structural insight. 

In addition one can pose now various questions. One of the effective generators, the 
Hamiltonian in the space of nucleons, will contain NN but also many body forces. 
Will they fulfill the cluster separability? Since the effective generators are constructed 
in a power series expansion in the coupling constant one encounters in all orders g"' 
with n > 4 meson exchange diagrams together with vertex corrections for instance. 
The question then arises whether the Poincare algebra for the ten effective generators, 
which is fulfilled in each order in g, requires all the terms of a certain order in g or 
whether subgroups fulfill the algebra separately. In the first case the Poincare algebra 
would impose conditions on the acceptable vertex corrections which would play the 
role of strong formfactors. Further investigations of that type are planned. 
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